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Abstract

A previous study of hot-drawing of amorphous films of poly(ethylene terephthalate) under biaxial stress (Polymer 1996;37:2403) was
extended to compare constant width (CW) and equal biaxial (EB) strain states, with special emphasis on the pronounced strain-stiffening that
begins at draw ratios of approximately 2. Some as-drawn specimens were also studied by density measurement and wide-angle X-ray
scattering. Stress–strain data were obtained during drawing at a constant extension-rate of 1/s, across the temperature range between the glass
transition and terminal regions. They were interpreted in terms of the multiaxial glass–rubber constitutive model proposed before, and the
CW and EB stress–strain relations for the PET rubber-like entanglement network were extracted. The information was then used to quantify
the entanglement slippage superposed on deformation of the network at higher temperatures. This revealed anomalous behaviour: entangle-
ment slippage was found to arrest spontaneously at a critical level of orientation, associated with the first appearance of crystallinity in the
drawn specimens. The constitutive model was extended to incorporate these features, with the arrest of entanglement slippage entering the
model via a viscosity increasing asymptotically at a critical maximum principal network stretch. The model was then able to capture strain-
stiffening behaviour through the temperature range.q 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Biaxial hot-drawing of amorphous poly(ethylene
terephthalate) is an integral feature of some important
industrial processes, for example thermoforming, bottle
stretch-blow moulding and biaxial film drawing. The
purpose is to optimise thermomechanical stability of the
product by imparting biaxial in-plane molecular orientation.
It is carried out on a time/temperature scale which extends
from the vicinity of the glass transition upward through the
rubber–elastic plateau region to the terminal (viscous flow)
region, and is complicated by the occurrence of stress-
induced crystallisation. With so many physical processes
involved, to understand their separate roles and to make
quantitative predictions of polymer constitutive behaviour
during these orientation processes present major challenges.

The first challenge is to obtain reliable measurements of
constitutive response during biaxial drawing of PET, as they
require specialised test equipment capable of imposing large

stretches (strains of order 3), under known biaxial stress
conditions. These are difficult experiments and the literature
is sparse.

The first systematic study of this type was reported by
Chandran and Jabarin [1–3], who compared stress–strain
relations measured during simultaneous and sequential
biaxial drawing, and showed that stress-induced crystallisa-
tion and consequent changes in various physical properties,
appear to be associated in some way with strain-stiffening in
this polymer: a point to which we return in the present
article. Buckley et al. [4] examined the effect of varying
temperature and strain-rate on constant-width drawing, as
compared to uniaxial drawing, and showed how a glass–
rubber constitutive model (see below) could be fitted to the
data at the lower end of the temperature range of practical
interest (ca. 808C) but not at higher temperatures. Mathews
et al. [5] studied in detail the early parts of the stress–strain
relations (prior to strain-stiffening) for uniaxial, constant-
width and equal biaxial (EB) drawing, and showed how
they could be fitted consistently at a particular temperature
(858C) by a theory of rubber elasticity, provided the number
density of network junction points was allowed to vary with
octahedral shear-rate. Zaroulis and Boyce [6] reported
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recently on uniaxial and constant-width compression tests
on amorphous PET, including some tests in the glass
transition region. By means of DSC on the latter specimens
they provided further evidence for the link between strain-
stiffening and stress-induced crystallisation.

Given the major industrial importance of orientation
processing of PET, there is an urgent need to understand
better the relationships between molecular orientation, crys-
tallisation and strain-stiffening in the hot drawing of this
polymer. In particular, the practical need is for a physically
based constitutive model that will encompass the full range
of behaviour exhibited by PET during industrial drawing
processes. In constructing such a model, our starting point
is the observation by Pinnock and Ward [7], confirmed in
several publications since [4,5,8–11], that in certain
respects uncrosslinked amorphous PET in this time/
temperature regime shows the features of a network
polymer above the glass transition, and under certain
circumstances its constitutive response is amenable to
analysis in terms of the theory of rubber-like entropic elas-
ticity. This is, however, an incomplete picture. Hot-drawing
processes of practical interest occur close to the glass transi-
tion, and the contribution of stress arising from perturbation
of inter-atom potentials is not always fully relaxed on the
experimental time-scale. For a more comprehensive analysis
of deformation in amorphous PET, and in other amorphous
polymers in the region of and just above the glass transition,
it is necessary to include this addition to the drawing stress
[7,12]. This recognition was the basis of the Haward–
Thackray [13] one-dimensional mathematical model that
accounts qualitatively for the observed uniaxial drawing
behaviour of amorphous polymers. It combines a flow stress
of Eyring-type with a rubber–elastic stress of the classical
inverse-Langevin type.

More recently there has been a revival of interest in this
approach, as the basis of three-dimensional constitutive
models of polymer behaviour, for use in computer-based
analyses of products and processes. Such constitutive
models represent the material by a system of nonlinear
simultaneous differential equations that are solved numeri-
cally with a time-marching scheme. Three-dimensional
constitutive models have been proposed for describing
aspects of glassy polymers [14–16] and crosslinked rubbery
polymers [17]. For amorphous polymers in the vicinity of
the glass transition (above or below), Buckley and Jones
suggested a model of “glass–rubber” type, that captures a
wide range of observed features of amorphous polymers on
either side of the transition [18]. This model was employed
in the present work.

It has been applied already to hot-drawing of PET under
biaxial stress by Buckley et al. [4], and found to give a good
description of amorphous PET for deformation rates about
1/s and temperatures close to the glass transition (ca. 708C).
However for these deformation rates, when temperatures
exceeded ca. 808C, a significant discrepancy appeared in
the pattern of strain-stiffening seen at large strains. Here,

the entropic “rubber-like” contribution to stress was found
to be no longer a unique function of total stretch, as
expected of a true molecular network, and as assumed by
the model. Specifically, measured drawing stresses in the
strain-stiffening region revealed a deficit when compared to
predictions of the glass–rubber constitutive model [4]. The
deficit increased during drawing and became more
pronounced with increasing temperature. Buckley et al.
attributed this result to the onset of viscous flow because
of “entanglement slippage” [4]. By this is meant axial
diffusion of whole molecules, whereby constraint from
entanglements is relaxed – the process of reptation. The
proportion of the stretch associated with such viscous flow
would be expected to increase with temperature as viscosity
falls, leading to loss of correlation between the entropic
stress and the total stretch. This observation is of vital
importance for the modelling of PET processes, as the
range of drawing rates and temperatures of practical signifi-
cance embraces those where the stress deficit occurs.
Clearly, entanglement slippage must be included in the
model, and its effects must be allowed for when fitting the
model to experimental data.

A second feature is also missing from the constitutive
model as applied to PET: the stress-induced crystallization
referred to above that intervenes at draw ratios of 2–3.
Indeed, this crystallization is of technological importance
as it allows molecular orientation to be “locked-in”, provid-
ing enhanced in-plane strength, stiffness and dimensional
stability. As yet, however, it is unclear how the constitutive
response is modified by such structural change. The issue is
of considerable importance. It must be resolved before there
is any chance of extending constitutive modelling to encom-
pass thermomechanical response subsequent to drawing, for
example during further deformation in industrial drawing
processes of the sequential biaxial type (stretch blow-
moulding of bottles and sequential biaxial drawing of films).

The purpose of the present article is to quantify the roles
of these additional features in the biaxial hot-drawing of
amorphous PET, especially in the strain-stiffening region,
and to extend the constitutive model to incorporate them.
Specifically, we report further measurements of the hot
drawing of PET film under biaxial stress, and use the data
to isolate more carefully than hitherto the stress–strain
relation of the entanglement network before slippage
commences, and to quantify the contribution of entangle-
ment slippage when it commences. This reveals an interest-
ing result: the viscous flow because of entanglement
slippage in PET shows anomalous behaviour, whose expla-
nation is to be found in structural change. Finally we suggest
modifications to the constitutive model whereby all these
effects can be combined, and the biaxial stress–strain
response modelled over the full time/temperature range of
interest. The present work forms part of a wider study aimed
at physically based modelling of biaxial orientation
processes for polymers, of which an overview is given
elsewhere [19].
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2. Experiments

2.1. Material

The polymer used was ICI PET homopolymer with
number average molecular weightMn � 19 000, and
diethylene glycol content of only 2.7 mol%. Isotropic amor-
phous film was prepared by melt extrusion through a slit die
onto a chilled roller held at 108C, and then wound up to
produce a film with nominal thickness 250mm. The
measured density was 1338 kg/m3 and wide angle X-ray
scattering (WAXS) showed no evidence for diffraction,
indicating absence of crystallinity. The in-plane bire-
fringence was found to be only 1.4× 1024 confirming that
in-plane molecular orientation in the as-extruded film was
negligible.

2.2. Experimental details

The biaxial drawing experiments were carried out with
the Flexible Biaxial Film Tester (FBFT) used previously
[4], with modifications described by Adams [20]. The
FBFT was designed specifically for the biaxial testing of
polymeric films under conditions comparable to those
encountered in the manufacture of high performance
films. In particular it provided for flexible experiment
design, as the time-sequences of displacement on both
axes of straining and of temperature are all under software
control, and the machine was able to achieve the high
rates of strain and temperature change seen under process
conditions.

The FBFT had a horizontal biaxial stretching frame
driven by two, crossed, reverse-thread leadscrews. In the
present work, the specimen temperature was controlled by
impingement on its top surface by a variable-temperature
air-jet from a rotary mixing valve of the type described by
Buckley and Sikorski [21], the air-jet being contained by a
silicone rubber jacket surrounding the specimen and
expanding with it during drawing. The bottom surface of
the specimen was effectively thermally insulated, by air
trapped by a rubber sheet that expanded with the specimen
during drawing. In this manner, heat transfer coefficients of
40 and 2.5 W/m2 K were achieved on upper and lower faces
of the specimen respectively, ensuring through-thickness
temperature variations within the specimen were less than
0.5 K. Non-uniformity in the air-jet temperature at the
specimen was 1 K prior to straining. Specimen temperature
was calibrated in terms of the air-jet temperature using a
dummy specimen with embedded thermocouple. During an
experiment (typically of duration 3 s), measurements of
load on one of the centre grips on each axis, and the air-
jet temperature, were continuously logged by a Biodata
Microlink interface and fed to the control computer, for
calculation of nominal stress on each axis and the specimen
temperature. True stresses were calculated on the
assumption that drawing took place at constant volume.

The following experimental procedure was adopted. First
the 70 mm square film specimen was marked with an ink
grid using a computer plotter. It was then mounted in the
grips of the FBFT and soaked in blown air at the test
temperature for 5 min, before initiation of drawing. In the
present study, all drawing tests consisted of proportional
straining: motion on the two axes started and stopped simul-
taneously, and the speeds were constant and in a ratiou .
Most tests were either at CW (u � 0), or simultaneous EB
(u � 1), and a few additional tests were non-equal biaxial
(NEB) with u � 2. Thus the nominal strain-rate on axis 1
was kept fixed at 1/s, while that on axis 2 was 0, 1 or 2/s: the
final nominal in-plane strains varying between 0 and 3.4. On
completion of straining, after a delay of no more than 0.5 s
the heat valve was closed rapidly, quenching the specimen
to room temperature before its removal from the test rig.
There was no detectable strain recovery at room tempera-
ture. The grid was therefore used to measure the final defor-
mation of the specimen, and to calibrate clamp separation in
terms of strain, assuming a constant ratio between them
throughout the test. At the rates of straining employed in
the present work, it cannot be assumed that the tests were
completely isothermal. The time constant for convective
heat transfer varied from ca. 16 s initially, down to ca. 1 s
at the highest strains in EB tests, while tests were of 3 s or
less in duration. Calculations showed, however, that the
effects on stress–strain curves of adiabatic heating during
the experiments were small, and they were neglected in
interpretation of the data.

To assist with interpretation of results, density measure-
ments were made on representative samples cut from drawn
film specimens, using a calcium nitrate and water density
gradient column. Specimens were drawn to various strains
at biaxiality ratiosu of 0, 1, 2 atT � 868C, andT � 978C.
After straining, specimens were quenched immediately to
below the glass transition temperature. The rate of quench-
ing depended on the final area and shape of the sample,
because of the variable geometry of the jacket. At low
strains the air temperature was decreasing by 168C/s,
whereas at high strains this cooling rate was reduced to
approximately 78C/s. Strain was calculated from the local
deformation of the square grid marked onto the specimen
before drawing.

In addition, some WAXS patterns were obtained from
specimens CW drawn at 978C to various strains and
quenched, with the X-ray beam normal to the draw direction
and either perpendicular or parallel to the film plane.

2.3. Results

The effects of varying temperature on the biaxial drawing
of PET were studied with a series of simultaneous EB draw-
ing tests spanning the temperature range 758C–1208C, at an
extension rate of 1/s on both axes, as described above. For
comparison, a parallel set of experiments was carried out
under CW conditions, with an extension rate of 1/s on axis
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1. Representative data from these tests are shown in Figs. 1
and 2, where the pattern of evolution of the stress–strain
data with temperature can be seen to mirror results obtained
in the earlier study of CW and uniaxial drawing of PET [4].
In all cases, with increase in temperature the yield stress fell

and strain-stiffening was deferred to a later strain. Careful
comparison of Figs. 1 and 2 also reveals a trend character-
istic of polymers in the rubbery state: increasing the strain
ratio u from 0 to 1 (CW to EB) caused the onset of strain-
stiffening at any given temperature to occur sooner. All
these features were reproduced faithfully by the constitutive
model, as shown later.

We have already reported an analysis of yield stresses
measured in these tests, and with other strain ratios [22].
The variations of yield stresses on each axis withu were
found to agree closely with the glass–rubber constitutive
model proposed before. This article focuses on the strain-
stiffening part of the response.

Density measurements from specimens drawn to different
extents at 868C in experiments with the three values of strain
ratio u , are plotted together in Fig. 3, as a function of the
maximum principal nominal strain. As can be seen, the data
for different values ofu appear to be confined to a broad
band, defined by the dotted lines drawn. A corresponding
plot for a draw temperature of 978C is given in Fig. 4, where
the same trend is apparent but the rise in density is deferred
to higher strain compared to Fig. 3. These graphs include as
a right-hand scale the apparent volume fraction degree of
crystallinity

x � {r 2 ra}
{rc 2 ra}

�1�

calculated assuming values for the densities: fully amor-
phous isotropic PETra � 1338 kg/m3 and the PET crystal
unit cell rc � 1457 kg/m3. In view of the well-known
tendency forra to rise with increasing orientation [23],
however, the right-hand scale is intended for guidance
only: whether the observed density increase can be attribu-
ted to crystallinity alone requires confirmation from other
measurements. The distinctive sigmoidal increase of density
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Fig. 1. Stress–strain curves measured during EB drawing of amorphous
PET at a constant extension rate of 1/s, at the temperatures (8C) shown.

Fig. 2. As for Fig. 1, except for CW drawing.

Fig. 3. Density measurements (left-hand scale) and apparent volume frac-
tion degree of crystallinity (right-hand scale) for specimens of PET biaxi-
ally drawn at 868C to various values of maximum principal strain, in strain
states specified by biaxiality ratiosu shown.



of hot-drawn PET with increasing stretch has been reported
before by several authors, and in particular was studied in
detail by Salem and co-workers for uniaxial and constant-
width drawing [24–26], and for biaxial drawing by
Chandran and Jabarin [3].

Confirmation of structural change induced by drawing
was provided by the WAXS patterns. They showed quali-
tative differences that are summarised in Table 1. Again
these indicate trends noted by previous authors. The initial
effect of drawing was to cause molecular orientation of the
amorphous polymer parallel to the draw direction, but
beyond a stretch of ca. 2 there were observable diffraction
spots indicating long range order and hence crystallinity.
The relative intensities of the diffraction spots revealed
the well-known tendency of the phenyl rings (associated
with the (1 0 0) crystal plane) to align in the film plane
during drawing of PET under biaxial stress.

3. Interpretation of data in terms of constitutive model

3.1. Outline of the model including entanglement slippage

To avoid complexity that is superfluous to the present
discussion, we consider here only irrotational displacements
of the PET film, and hence the kinematics are fully

described by a stretch tensorL whose eigenvalues are the
principal stretchesli (i � 1,3). The constitutive model
employed is based on that described by Buckley and
Jones [18], and applied previously to PET [4,27]. The struc-
ture of the model is built on three key assumptions concern-
ing the interaction of the various physical processes known
to be active in the deformation of uncrosslinked amorphous
polymers near their glass transitions.

Firstly, it is assumed that there are two independent
sources for the change of free energy during deformation
(we neglect here any possibility of a change of phase, but
return to this question later). Consequently there are two
contributions to the stress at any instant. They are a
“bond-stretching” (b) contribution due to perturbation of
inter-atom potentials, and a “conformational” (c) contribu-
tion due to perturbation of conformational statistics and
hence of entropy. These two contributions to stress are
assumed to have separate dependences onL and its history.
Their superposition to give the total Cauchy stress can be
expressed in terms of principal values

si � sb
i 1 sc

i �i � 1…3�: �2�
At the scale of individual molecular segments, it is known

that the total stretch is divisible into a contribution due to
elastic distortion (e) of inter- and intra-molecular primary
and secondary bonds, and another due to viscoplastic flow
(v) of segments past each other. Thesecondkey assumption
of the model is that, following Lee [28], the elastic and
viscous stretches combine multiplicatively:

li � le
i l

v
i �i � 1…3�: �3�

Conformational stress is determined by deformation on a
larger scale: that of the entanglement network. However,
when Buckley et al. [4] examined strain-stiffening during
hot-drawing of PET, attributed to the conformational stress,
they found that elastic stretch of a network of fixed proper-
ties could not account for the observed temperature-depen-
dence. This is no surprise, as the PET is an uncrosslinked
amorphous polymer approaching its terminal relaxation
region, where entanglement slippage (by reptation) is
expected to make a time/temperature-dependent addition
to the total stretch. Hence, the total stretch can also be
expressed in terms of the stretch of an elastic entanglement
network (n), and flow because of slippage (s) of the
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Table 1
Summary of features of Debye rings in WAXS patterns, observed following CW drawing to a stretch (draw ratio)l at 978C, followed by quenching to room
temperature before release. Inequality signs indicate relative intensities of diffraction spots. The direction of the beam was normal to the draw direction, which
lay on the meridian in the WAXS patterns. The onset of crystallinity in the drawn specimens occurs atl < 2

Beam perpendicular to film Beam parallel to film

l �1.38 Diffuse scatter Diffuse scatter
l � 1.74 Diffuse scatter peaked on equator Diffuse scatter peaked on equator
l � 2.33 Diffraction spots peaked on equator Diffraction spots peaked on equator

�0 1 0� . �1 1 0� . �1 0 0� �1 0 0� . 1 1 0� . �0 1 0�
l � 3.05 Diffraction spots sharply peaked on equator Diffraction spots sharply peaked on equator

�0 1 0� . �1 1 0� . �1 0 0� �1 0 0� . �1 1 0� . �0 1 0�

Fig. 4. As for Fig. 3, except for a draw temperature of 978C.



entanglements, where the conformational free energy is
determined by the elastic (network) stretch only. Thethird
key assumption of the model is again that these combine
multiplicatively:

li � ln
i l

s
i : �4�

To complete the constitutive model, Eqs. (2)–(4) must be
supplemented by expressions for the evolution of stressessb

i

and sc
i in terms of the stretches. Applying the model

proposed previously [18], a set of equations can be estab-
lished governing the evolution of the bond-stretching
stresses. The hydrostatic part of this response is taken to
be linear elastic with bulk modulusKb. Defining the mean
stress and volume ratio thus

sb
m ;

1
3

X3
i�1

sb
i ; J ; detL �5�

the strain-induced hydrostatic stress was then given by

sb
m � Kbln J 1 sb

m0; �6�
where sb

m0 is the initial, built-in, bond-stretching stress
resisting collapse of the entropic network. The deviatoric
stressessb

i exhibit viscoelasticity in terms of the deviatoric
true strains:

dsb
i

dt
1

sb
i

t
� 2Gb dei

dt
; �7�

where

sb
i ; sb

i 2 sb
m; ei ; ln li 2 ln J1=3 �8�

and the relaxation timet is defined in terms of a generalised
(stress-dependent) viscositym and the bond-stretching
contribution to the shear modulusGb:

t � m

2Gb : �9�

Buckley and Jones assumed that the viscous flow could be
described as a three-dimensional thermally activated
process of the Eyring type [29], and on that basis derived
an expression for the viscositym in terms of temperature and
the stress invariants.

Entropic elasticity of the entanglement network is
expected to be highly nonlinear: this is the origin of
strain-stiffening in amorphous polymers above the glass
transition. It is convenient therefore to calculate the con-
formational stress directly by differentiation of the
conformational free energy densityAc, thus:1

sc
i � ln

i

J
2Ac

2ln
i

�10�

Edwards and Vilgis [30] derived an expression forAc for the
case of a network of freely orienting chains of finite length,
where at least some of the junction points are of a physical

nature with some freedom of movement (i.e. entangle-
ments). As this is believed to describe the case of
uncrosslinked PET, the Edwards–Vilgis expression was
employed, in the limit where there are no chemical
crosslinks:

Ac � NskBT
2

 
�1 1 h��1 2 a2�
�1 2 a2P ln2

i �
X ln2

i

1 1 hln2
i

1
X

ln�1 1 hln2
i �1 ln�1 2 a2

X
ln2

i �
!
; �11�

where all the summations are overi � 1…3, Ns is the
density of “slip-links” representing entanglements,h is a
parameter specifying the looseness of the entanglements
(h � 0 for a crosslink), anda is a measure of the inextensi-
bility of the entanglement network (a is related to the
numbern of freely orienting (Kuhn) segments per network
chain: a �

�����
n21
p

). Completion of the model requires a
representation of the relaxation of conformational stress
by entanglement slip: this issue is discussed later.

3.2. Experimental isolation of the rubber-like stress–strain
relation

At temperatures close to the glass transitionTg, tempera-
ture-dependence enters the above equations predominantly
through the viscositym , describing flow of segments rela-
tive to their neighbours. This falls rapidly with increasing
temperature aboveTg. Consequently Eq. (7) shows that, for
a given constant strain-rate, the deviatoric bond-stretching
componentssb

i are expected to become vanishingly small
compared with the other contributions to stress, as tempera-
ture increases. If this occurs at temperatures below those
where entanglement slippage intervenes, a polymer
described by the above model exhibits a “rubber-like
plateau”, with entanglements acting as physical crosslinks.
Here the word “plateau” refers to a time/temperature
window where stress appears independent of time and
temperature, for a given history of strain (we ignore here
the slight temperature-dependence ofAc originating from its
entropic nature). Such plateaux are a well-known feature of
modulus-temperature plots for uncrosslinked amorphous
polymers, provided the molecular weight exceeds the
entanglement spacing [31]. Buckley et al. observed a similar
plateau as an inflection in an isometric plot of stress versus
temperature, measured during constant-width drawing
experiments on PET [4], and used it to deduce the
parameters of the conformational free energy functionAc,
assuming that it was unaffected by the onset of
entanglement slippage.

In the present work we have re-visited this question, to
determine with more rigour than before the rubber-like
response of PET, taking greater care to avoid the effects
of entanglement slippage. Again we constructed isometric
stress-temperature plots from stress–strain data obtained
over a range of temperatures, such as shown in Figs. 1

A.M. Adams et al. / Polymer 41 (2000) 771–786776
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in a previous outline of the model [19].



and 2. The principle of the procedure is outlined in Fig. 5. It
was repeated for a range of strainse, for data from CW and
EB drawing experiments, and Figs. 6 and 7 show example
isometric plots from CW and EB drawing respectively.
They clearly confirm the previous evidence for a distinct
rubber 2 like plateau in PET, located at 958C–1008C.
However, they also confirm that the plateau is narrow:
only ca. 5 K in width.

To summarise, the characteristic shape of the isometric
plots can be explained thus. The initial decrease in stress is
because of the decrease in the bond-stretch stress contribu-
tion with increasing temperature. A point is reached where
this has decayed to zero, and therefore only the conforma-
tional contribution to the deviatoric stress remains, forming
the plateau. At this strain and temperature, the rubber-like
network is still intact. No entanglement slippage has
occurred, and therefore the plateau stress is the entropy-
elastic stress arising from hyper-elastic deformation of the
network to a straine, and a bond-stretching stress because of
the small (but finite) volume change. In other words, the

polymer in this narrow region is behaving as a rubber,
with entanglements acting as physical network junctions.
As the temperature increases further, entanglement slippage
becomes significant, and the stretch now has two compo-
nents, one from stretch of the network and one resulting
from entanglement slippage (reptation). As a result the
elastic stretch of the network is reduced for a given value
of e, resulting in a decrease in stress.

By taking the stresses at the plateaux for variouse as the
closest approximation to the rubber-like response of PET,
apparent rubber-like stress–strain curves can be
constructed, as illustrated for CW and EB drawing in Fig.
8. The difference in stiffness between the cases of CW and
EB drawing is clearly in evidence. In fact the ratio of
stresses EB : CW can be seen to be close to 1.5, as predicted
by small strain isotropic linear elasticity. Unfortunately, the
rubber-like stress–strain response of PET cannot be deter-
mined in this way over a wider range of strain, as it must be
expected that with increasing strain (and hence time) there is
progressive encroachment by entanglement slippage,
makinge increasingly unreliable as a measure of the elastic
network strain at the plateau. For this reason, in isometric
plots generated at higher strains the plateau disappears, as
demonstrated in Fig. 9, obtained for CW drawing at a strain
of 2.3. What are needed in determining the rubber-like
response of PET are means (i) of identifying the onset of
this perturbing influence, and (ii) of avoiding it.

The following strategy was found helpful. To minimise
the effects of entanglement slippage on the results, experi-
mental stress–strain data-sets obtained at the lower extreme
of the temperature range (i.e. at ca. 808C) was employed, as
was carried out by Buckley et al. [4]. From these data were
subtracted the apparent rubber-like stress values plotted in
Fig. 8, to obtain theapparent strain-dependence of the
bond-stretching stress. Results for three CW experiments
are shown plotted versus true strain in Fig. 10, where an
interesting anomaly is apparent. Beyond a critical strain
close to 0.5, the apparent bond-stretching stress begins to
rise rapidly. According to the Eyring model of flow,
however, with parameters derived previously [4], the
bond-stretching stress should fall linearly with increasing
true strain with gradient shown by the dashed line in Fig.
10, because of the fall in rate of true strain in the present
experiments which were conducted with constant rate of
extension. At low strains there is good agreement with
this prediction to within experimental scatter.

The conclusion is clear. Beyond a true strain of 0.5, the
conformational stress as deduced from the plateau has been
under-estimated (because of the onset of entanglement
slippage) leading to the artefact of an apparently steeply
rising bond-stretching stress in Fig. 10. The corollary also
applies. For true strains below 0.5, the plateau does provide
a good measure of the rubber-like stress–strain relation for
PET.

On the basis of this evidence, the method described
earlier [4] for finding the rubber-like stress–strain response
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Fig. 5. Schematic diagram showing how isometric stress-temperature plots
were calculated: (a) stress–strain curves for constant nominal strain-rate
and various temperatures, and (b) isometric stress-temperature plot for a
nominal straine.

Fig. 6. Composite isometric plots for CW drawing to values of nominal
strain shown.



of PET was applied again to the data obtained in the present
study, but this time based on a plateau stress corresponding
to a nominal strain of only 0.2. In brief the steps were as
follows (details were given before [4]). (1) The plateau
stress was used to deduce the rubber-like stress for a
temperature of 808C and nominal strain 0.2. (2) By subtrac-
tion from a measured stress–strain curve obtained at this
temperature, the bond-stretch stress was found for this
strain. (3) The bond-stretch stress for other strains was
deduced from the Eyring model of flow, already known to
fit the measured flow stress in PET [4,27]. (4) This was
subtracted from the measured stress–strain curve to obtain
the rubber-like curve for PET at 808C.

The procedure was applied to the results from three CW
drawing experiments, carried out atT� 80^ 18C. A mean
rubber-like stress–strain curve was then obtained, by
averaging the stress value from the three curves over the
whole strain range. This mean curve is shown in Fig. 11,
together with the original data sets.

3.3. Determination of the contribution of entanglement
slippage

The procedure described above, for isolating the rubber-
like response at 808C, was repeated with the results from
CW and EB drawing experiments at higher temperatures.
Here, it is to be expected that entanglement slippage contri-
butes to the total stretch, and the resulting stress–strain
relations may be considered “apparent” rubber-like
responses, for the temperatures concerned and the prevail-
ing nominal strain-rate (1/s). Sample results are shown in
Fig. 12 for CW drawing. It can be seen that there was close
agreement between curves obtained at temperatures near
808C over the whole strain range, and at low strains over

A.M. Adams et al. / Polymer 41 (2000) 771–786778

Fig. 7. As for Fig. 6, except for EB drawing.
Fig. 9. Isometric plot of CW data generated for a nominal strain of 2.3: the
plateau seen clearly in isometric plots for CW drawing at lower strains (see
Fig. 6) is much less evident.

Fig. 8. Apparent curve of true stress versus nominal strain for the rubber-
like elasticity of PET, as deduced from the plateaux observed in isometric
stress-temperature plots (Figs. 6 and 7).

Fig. 10. Apparent “glassy” contribution to true stress plotted versus true
strain, as deduced for CW drawing at 808C, by subtracting the apparent
rubber-like contribution from the total measured stress (see text). Dashed
line shows the gradient expected from the Eyring model of flow. The
deviation upwards at large strain is evidence for under-estimation of the
rubber-like contribution.



the whole temperature range up to 978C shown here,
confirming the hypothesis that entanglement slippage is
negligible under these particular conditions. At higher
temperatures and strains, however, there is a clear stress
deficit.

In terms of the model, the stress deficit is caused by a
contribution to strain from entanglement slippage, reducing
the network stretch and hence the conformational stress, for
a given total strain. In fact, data such as those shown in
Fig. 12 enable the entanglement slippage stretchls

1 to be
evaluated for any given apparent rubber-like stress, by use
of Eq. (4) applied to the draw direction, given that the lowest
temperature curve provides the network stretchln

1.

In this manner,ls
1 was determined from the present

results for a variety of temperatures, for CW and EB draw-
ing. Results are shown in Figs. 13 and 14. They reveal a
remarkable anomaly. With increasing temperature the onset
of entanglement slippage occurred sooner, as expected.
However in every case except one (at the highest tempera-
ture in CW drawing) the slippage was arrested, at a value of
ls

1 which increased with temperature. At any particular
temperature, the value of the maximum slippage stretch
was always greater in the CW case than in the EB case.
The explanation for this curious behaviour is to be found
in structural change accompanying the drawing of PET, as
discussed later.

The results plotted in Figs. 13 and 14 were examined to
discover the criterion determining the arrest of entangle-
ment slippage. It is clear from these graphs that the stresses
required in the case of CW drawing were lower than those
required in the case of EB drawing, and that the critical
stresses decreased with increasing temperature. After fitting
the rubber-like stress–strain curve to theory, the network
stretches corresponding to the stresses shown in Figs. 13
and 14 were calculated, and hence three further possible
criteria were considered: (1) the maximum principal
network stretchln

max, (2) the first invariant of the network
stretch In

1 � ln2
1 1 ln2

2 1 ln2
3 , and (3)

��������
In
1 2 3

p
. For each

experiment shown in Figs. 13 and 14, the point was found
where the slippage stretch had just ceased increasing to
within experimental uncertainty, and the three criteria tested
to find which gave the best correlation between the results of
CW and EB tests, and with varying temperature. The best
correlation, with a linear variation with temperature, was
found using the arrest value ofln

max, which in the present
experiments was the arrest value of the stretchln

1. In the
following, the critical value of this maximum network
stretch is denoted bylcrit. The resulting plot oflcrit versus
temperature, for CW and EB drawing, is shown in Fig. 15. It
can be seen that even this correlation fails to bring the CW
and EB data together to within experimental scatter: the
correlation coefficient is 0.73. The equation of the regres-
sion line shown (with temperatureT in 8C) is

lcrit � 5:6 2 0:037T: �12�

4. Fitting of the extended constitutive model to data

4.1. Extension to the constitutive model

For the purpose of modelling film-drawing processes, it is
desirable to express the mechanical response of the polymer
in the form of a multiaxial constitutive model. The structure
of such a model has been outlined in a previous section.
With the role of entanglement slippage quantified as
described above, it is possible to extend the model to incor-
porate this important feature, and hence to improve the
prediction of strain-stiffening. The primary effect is to
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Fig. 11. Mean rubber-like stress–strain curve for CW stretching at 808C
(full line). Also shown (points) are the three data sets from which it was
obtained: they were deduced from experimental data in nominally identical
tests.

Fig. 12. Apparent rubber-like stress–strain curves for CW stretching,
deduced from data from tests at various temperatures as shown. Close to
808C there is agreement, but at higher temperatures there is increasing
stress deficit, resulting from entanglement slippage.



cause the conformational stressessc
i to exhibit visco-

elasticity, in a manner analogous tosb
i (see Eq. (7)); but

in this case the elastic strains cannot be considered small.
The rate of true strain associated with entanglement

slippage was expressed through a non-Newtonian flow-rule

_1s
i ;

d ln ls
i

dt
� sc

i

g
�i � 1…3� �13�

and its arrest was expressed in terms of the viscosityg
increasing asymptotically as the molecular orientation
develops. Specifically, for consistency with the experimen-
tal observations reported above,g was modelled as
increasing without limit aslcrit approached the critical
stretch lcrit, according to the simple two-parameter
expression:

g � g0
lcrit 2 1

lcrit 2 ln
max

� �
; �14�

whereln
max , lcrit, andg21 � 0 otherwise.

The rate of true strain due to elastic network stretch was
obtained by expansion in terms of rates of change of the
stresses:

_1n
i ;

d ln ln
i

dt
� 1

ln
i

X3
j�1

2ln
i

2sc
j

dsc
j

dt
: �15�

Finally, to complete revision of the constitutive model
described before [4], an expression for the full rate of loga-
rithmic strain because of the conformational stress is
assembled by combining Eqs. (13) and (15):

_1 � 1
g

sc
i 2

1
3

X3
j�1

sc
j

0@ 1A 1
1
ln

i

X3
j�1

Cc
ij

dsc
j

dt
�i � 1…3�;

�16�

whereCc
ij denotes an element of the tangent conformational

compliance matrixCc which in turn is obtained from the
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Fig. 13. Slippage stretchls obtained from CW drawing tests at various
temperatures (8C) shown. The slippage can be seen to arrest.

Fig. 14. As for Fig. 13, except for EB drawing.

Fig. 15. The critical value of maximum principal network stretchln
max for

slippage arrest, as deduced from data from CW and EB drawing tests. Also
shown (full line) is a linear regression through all the points shown.



tangent conformational stiffness matrixGc as

Cc � Gc21 where Gc
ij � 2sc

i

2ln
j
: �17�

Eq. (16) thus provides three additional equations to add to
the set of six other simultaneous differential equations
describing the material: the three equations corresponding
to Eq. (16) but for the bond-stretching stress, and the three
equilibrium equations (2). In the present work, solution of
this set of equations was carried out numerically, employing
central difference approximations of the first differentials in
Eqs. (10), (16) and (17), and the direct integration method
described elsewhere [4] for integration of Eq. (7) through
the time-step. An alternative approach, where the equations
of the same model are solved within the context of a
commercially available finite element solver, has also
been described recently [19].

4.2. Fitting of the constitutive model

The model in its new form (extended as above) has four
component parts. We consider each in turn.

4.2.1. Linear elastic bond-stretching
Two elastic constants are required to describe the isotro-

pic linear elasticity associated with bond-stretching. These
were taken previously [4] to be the shear and bulk moduli:
Gb � 600 MPa, andKb � 1800 MPa respectively. The
performance of the model is insensitive to the precise values
of these under the conditions of interest (above the glass
transition), and these values were used unchanged in the
present work.

4.2.2. Viscoplastic flow
The required parameters are those that describe the

variation of viscositym with stress and temperature (see
Eq. (9)). The former is achieved through the two Eyring
activation volumes that were determined in previous work
[4]: the shear and pressure activation volumesVs� 7.23×
1023 m3 mol21 and Vp � 1.35 × 1023 m3 mol21, respec-
tively. The temperature-dependence of the viscosity in the
small-stress limit was assumed to take the Macedo and
Litovitz hybrid form [18]:

m0 � m0*exp
Cv

Tf 2 T∞
2

Cv

Tf * 2 T∞
1

DH0

RT
2

DH0

RT*

� �
;

�18�
wherem0* is the value for a reference temperatureT* and
structural state (fictive temperature)Tf * . In the work
reported here however, concerned only with temperatures
above the glass transition, the amorphous polymer was
assumed to be in metastable structural equilibrium, and
the fictive temperature was assumed equal to the actual
temperature (Tf � T).

The activation enthalpyDH0 was again given the value
123 kJ/mol deduced previously from published visco-
elasticity measurements on PET below the glass transition
[4], while the remaining parametersCv andT∞ were deter-
mined from results of the present CW drawing experiments
determined at 1008C or below. The first step was to deter-
mine the strain-induced bond-stretching stressDsb

1�� sb
1 2

sb
m0� in the draw direction during viscoplastic flow, by

subtracting the strain-induced conformational stressDsc
1

from the total true stresss1. This was carried out after the
rubber-like response had been fitted already to the
Edwards–Vilgis theory, which therefore allowedDsc

1 to
be computed for given specimen stretch, in the absence of
entanglement slippage. ThusDsb

1 was found for stretches
1.2, 1.3 and 1.5, which were unaffected by entanglement
slippage in the temperature range considered (see Fig. 12).
Then the limiting viscositym0 was found from these stresses
by invoking the Eyring model of viscoplastic flow employed
in the present constitutive model, applied to CW drawing,
which gives (see Buckley et al. [4])

m0 �
��
6
p l1

_l 1

RT
Vs

sinh
VsDs

b
1

2
��
6
p

RT

 !
exp

VpDs
b
1

2RT

 !
: �19�

The results were averaged at each temperature and then least
squares fitted to Eq. (18) to yield best fit values ofm0* �
19:7 MPas (forT* � 878C), C v � 439K andT∞ � 568C.
The data points are compared with the fitted line in Fig. 16.
It can be seen that, especially at temperatures close to 808C
there was considerable scatter in experimental data
(believed to reflect uncertainty in temperature measure-
ments, combined with the strong temperature-dependence
of viscosity in this region). Consequently the numerical
values of the above parameters are subject to considerable
uncertainty, but the fit to Eq. (18) is adequate for present
purposes. Also included in Fig. 16 is an additional data point
obtained for the same material but by a different route, in the
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Fig. 16. Logarithm of viscositym0 characterising relaxation of the bond-
stretching stress, plotted versus temperature. The full line is a best fit to
Eq. (18) withmp

0, Cv andT∞ as disposable parameters. The open symbol
gives the single value obtained previously by a different procedure [4].



work reported earlier [4]: it is consistent to within
experimental scatter.

4.2.3. Rubber-like elasticity
The mean rubber-like stress–strain curve for CW stretch-

ing, as deduced above, was compared with that predicted for
CW stretching by the Edwards–Vilgis [30] theory of rubber
elasticity, with the stress calculated using Eq. (10) and
assuming constant volume deformation. Least-squares
fitting of the theory to the data produced values for the
three parameters: number of slip-links per unit volume
Ns � 2.75 ^ 0.15 × 1026 m23, sliplink looseness factor
h � 0, and inextensibility factora � 0.164^ 0.001. The
quality of the fit may be seen in Fig. 17, where the data are
compared with the fitted line.

To obtain an independent check on the validity of this fit,
the same set of parameters was used with the E–V theory to
predict the rubber-like stress–strain curve for EB stretching,

and compared with data calculated from EB results at 808C.
The procedure used to obtain these was analogous to that
described above for CW drawing. The calculated curve and
experimental points are included in Fig. 17, where again
there is close agreement. In particular, the E–V theory
clearly succeeds in capturing the more rapid strain-
stiffening seen in EB stretching, as compared to the CW
case.

4.2.4. Viscous flow by entanglement slippage
In view of the proximity of the glass transition to the

temperature range of interest, the temperature dependence
of the initial melt viscosityg0 was expressed in terms of the
Fulcher equation [31]

g0 � g0*exp
Cs

T 2 T∞
2

Cs

T* 2 T∞

� �
�20�

with the same value of Vogel temperatureT∞ as found for
Eq. (18). Values for the viscosityg0�T� were found empiri-
cally, as those required to give best fits between measured
stress–strain curves and those calculated in simulations of
the same experiments using the full constitutive model, for a
representative sub-set of the CW and EB data sets. Results
are shown in Fig. 18, together with a curve showing the best
fit of Eq. (20) through the points, which gave valuesg0* �
6:13 MPa (atT* � 878C) andCs� 260 K.

4.3. Comparison with experiment

The full constitutive model, incorporating new network
parameters as obtained in the present work and the addi-
tional equations describing entanglement slippage, was
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Fig. 17. True stress versus nominal strain for the PET rubber-like network,
for CW and EB stretching at 808C, as deduced from the present experi-
mental data (points – see text), and as calculated from the Edwards–Vilgis
theory (lines), after fitting to the CW data, withNs, a andh as disposable
parameters.

Fig. 18. Viscosityg0 characterising entanglement slippage versus tempera-
ture. Data points: values required for best-fits of simulations to experimen-
tal stress–strain curves; the line is a best fit to Eq. (20) withgp

0 andCs as
disposable parameters.

Fig. 19. Constant width (CW) drawing of PET at a constant extension-rate
of 1/s and various temperatures (8C) shown: experimental data (points) and
results of simulations with the constitutive model (lines).



tested against results of hot-drawing experiments under CW
and EB conditions. Typical results are shown in Figs. 19 and
20 respectively. It is clear that the main objective of the
present work has been achieved.

The revised model captures the observed deferral of
strain-stiffening as temperature increases, and in terms of
the model this is because of an increasing contribution to the
total stretch arising from entanglement slippage. It is also
clear that the model reproduces the overall shape of stress–
strain curve better in the CW than the EB case. The major
discrepancy is a systematic tendency for the model, when
fitted to data as described above, to poorly estimate the
stress at nominal strains less than 1 at the highest tempera-
tures, especially in the case of EB drawing. This is a symp-
tom of the major known weakness of the model in the form
described here. As it describes viscoplastic flow as a single
flow process, the predicted yield event is sharper than
observed experimentally, as discussed previously [4], and
cannot be modelled accurately without the introduction of a
relaxation spectrum. Nevertheless, the addition to the model
of a temperature-dependent viscosityg0�T� and an arrest
criterionlcrit can be seen to have made possible a reasonable
representation of the temperature-dependence of strain-
stiffening at large strains.

5. Discussion

5.1. Parameters of the PET network

The apparent entanglement densityNs deduced from
fitting data to the E–V theory provides a value of the density
of chainsN making up the network: they are related through
a factorg, with N � gNs. Strict interpretation of entangle-
ments as tetrafunctional junction points would implyg� 2.
In practice, however, by analogy with the long-established
case of cross-linked elastomers [32] a better assumption
appears to beg � 1, and even this is probably an over-
estimate. The density of chains determined here in this

way (N � 2.75× 1026 m23) is significantly higher than the
value 1.67× 1026 m23 obtained in the earlier study using the
same PET film [4]. The difference is because of inadequate
removal of the effects of entanglement slippage in the
previous work. In the recent work by Mathews et al. [5],
in which stress–strain data for PET was fitted to the E–V
theory (in an earlier form which tooka � 0), a range of
values ofN was obtained depending on strain-rate: 2.5×
1026–4.8 × 1026 m23, for octahedral shear rates_g � 5 ×
1024–5 × 1022 s21. Within this range, the lower end is
likely to be most reliable. Mathews et al. fitted the theory
to total stress without subtraction of any contribution from
bond-stretching, on the basis that earlier work [11] had
demonstrated the validity of this approach at the tempera-
ture considered (858C). In fact the evidence from earlier
work was from the lower end of the strain-rate range (_g <
3 × 1023 s), raising the possibility that the apparent varia-
tion in N arose from residual bond-stretching stress at higher
strain-rates. All these values, however, lie within the range
of reported values ofN from a variety of sources as
discussed earlier [4].

When allowance is made for the effects of ‘dangling
ends’ by means of the Flory correction factor [4], the
value of N obtained in the present work corresponds to a
molecular weight between entanglements ofMe � 2240,
indicating that each network chain contains 11.7 monomers,
corresponding to a numbern0 � 70 main-chain bonds
(taking the whole phenyl group as one virtual bond). The
factora obtained from fitting the present data to the E–V
theory provides the number of freely orienting segments
between entanglementsn� 1=a2 � 37:2. Thus, the network
parameters obtained in the present work, in which there can
be greater confidence than hitherto that there is no distortion
from unrelaxed bond-stretching or the onset of entangle-
ment slippage, have not resolved the anomaly identified in
the previous article concerning flexibility of the PET chain.
The derived value for the ration0=n� 1:9 is even further
from those obtained by other routes; for example ca.9 as
obtained from the characteristic ratioC∞ for PET. The
origins of this discrepancy with other measures of chain
flexibility are not known for certain. However, the most
likely causes are partly theoretical and partly experimental:
(a) deficiencies remaining in current theories of rubber
elasticity, leading toN as determined above being an
over-estimate, and (b) residual entanglement slippage
affecting the apparent rubber–elastic network stress–strain
data, even after the precautions described above, leading to
the calculated value ofa being an under-estimate, and
hence then value deduced from it being too high.

For the third parameterh , there was agreement with the
value zero obtained previously [4], indicating that entangle-
ments in PET have little freedom to slide along the chain,
perhaps because of the bulk of the phenyl groups. It is
noteworthy, however, that the work of Mathews et al.,
concentrating on the initial part of stress–strain curves
with different degrees of biaxiality, gave best-fit values of
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Fig. 20. As for Fig. 19, but for EB drawing.



ca. 0.09. This may indicate that the E–V theory cannot
provide a close fit to data over a wide range of strain,
with a single set of parameters.

5.2. Entanglement slippage and its arrest

The reducing elastic effectiveness of entanglements, seen
in the well-known deferral of strain-stiffening with rise in
temperature, has been interpreted here in terms of the
viscous flow associated with entanglement slippage.
However, such an approach diverges from that of some
authors and deserves a word of comment. The point has
been made several times over the years that similar
behaviour can be described in terms of a rubber– elastic
network in whichN reduces with increase in temperature
or decreasing strain-rate. No precise mechanism is
proposed, but it is speculated to be because of some form
of thermally activated decay in the density of these physical
network junction points. The case of PET was discussed in
these terms by Mathews et al. [5] invoking an Eyring-type
rate dependence forN, previously applied successfully to
hot-drawing of poly(vinyl chloride) [33,34].

Which is the more accurate description cannot be decided
on the basis of monotonic-loading experiments alone:
significant differences in predicted behaviour would appear
only under more complex loading histories. The approach
adopted in the present work was chosen because of its prac-
tical utility in constitutive modelling: (a) it is consistent with
the classical theory of linear viscoelasticity at vanishingly
small stresses (deviatoric response in the rubbery region
reduces to that of a single Maxwell element), and (b) it
does not present difficulties in cases where strain-rate and
temperature vary arbitrarily with time (as may be the case in

modelling an actual manufacturing process), whereas the
alternative approach may require unphysical (perhaps
abrupt) changes inN to be assumed in such cases.

The most remarkable feature to emerge from the present
work was the evidence for arrest of entanglement slippage.
In terms of the model: as the flow corresponding to
entanglement slippage is described by a viscosityg , this
arrest impliesg! ∞. The phenomenon is most likely to
be associated with the stress-induced crystallisation that
accompanies drawing in PET in the temperature range
considered. The increases in density and the appearance of
WAXS diffraction spots observed in this work on specimens
quenched after drawing to sufficiently high draw ratios,
together confirm the onset of crystallinity in the present
tests.

Evidence for a quantitative link between the arrest of
entanglement slippage and structural change can be seen
by comparing the strain levels at which they occur. Fig.
15 shows the arrest to occur at a maximum network stretch
ln

max� lcrit < 2, decreasing gently with rise in temperature.
There have been numerous previous reports on the onset of
stress-induced crystallinity in PET, when hot-stretched to a
draw-ratio in this region or higher. Moreover, measurements
have shown: (a) at fixed temperature, the degree of crystal-
lization correlates with the degree of molecular orientation
in the amorphous fraction (expected to correlate withln

max)
[35,36], and (b) the orientation required to achieve a given
degree of crystallinity decreases with increase in tempera-
ture [35]. Both (a) and (b) are consistent with the present
proposal that the viscosityg is increased by crystallinity and
that this may be expressed via Eqs. (12) and (14). The fact
that crystallisation is found to be deferred to higher total
stretchl with decreasing strain-rate or increasing tempera-
ture [24–26], is easily explained in terms of the present
model, as resulting from an increasing contribution of
slippage stretchls leading to reducedln for givenl .

To test this interpretation using data from the present
study, density measurements obtained from tests at different
temperatures, as shown in Figs. 3 and 4, were re-plotted on a
common basis with the maximum principal network strain
ln

max 2 1 as abscissa, using Eq. (4) to correct the measured
total stretch for the slippage stretch, already determined.
The composite plot is given in Fig. 21, where data for
CW and EB drawing and the two different temperatures
can be seen to merge together to within the scatter, and to
lie within the single S-shaped envelope drawn. The inflec-
tion of the “S” extrapolates back to an estimated intercept at
ln

max < 2. The reader will recall that discrete X-ray diffrac-
tion peaks were first discernible in the WAXS patterns at a
stretch of 2.3 (see Table 1).

The coincidence of these features, observed in different
measurements, strongly suggests a causal link. The clear
inference is that crystallisation is triggered by increasing
molecular orientation, and is definitely visible when
ln

max < 2. This causes a slow-down and arrest of entangle-
ment slippage, presumably because of the extra topological
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Fig. 21. The density data for CW and EB drawn specimens of Figs. 3 and 4,
plotted together versus maximum principal network strainln

max 2 1. The
data for different strain states and different temperatures all lie within the
sigmoidal band shown. Also shown (double arrow) is the range of critical
network strainl crit 2 1 for entanglement slippage arrest, for the tempera-
ture range 868C–978C. It is clear that rapid stress-induced densification
coincides with the arrest of entanglement slippage.



constraint imposed at the molecular level by the developing
crystallinity, as proposed by Buckley and Salem [37]. The
mechanism may be considered to be mechanically
analogous to the rapid increase in viscosity of a liquid
polymer during a chemical crosslinking reaction. A point
of particular interest is the rapidity of the arrest of entangle-
ment slippage as seen in Figs. 14 and 15. According to the
above picture of events, the likely explanation is the auto-
catalytic nature of the process. The presence of a trace of
crystallinity causes a reduction in the rate of entanglement
slippage and hence an increase in the rate of network stretch,
i.e. of amorphous orientation, leading to faster crystallisa-
tion, and even slower slippage and faster network stretch.
Slippage is thus arrested completely, on the time-scale of
the experiment.

This explanation neatly ties together several disparate
pieces of experimental evidence, and appears to form a
coherent physical basis for the constitutive model. However
it is challenged by recent, simultaneous real-time wide-
angle X-ray scattering patterns and video images of PET
film during rapid hot-drawing (nominal strain-rate ca.
10 s21), obtained with synchrotron X-ray sources [38,39].
These experiments showed that a critical degree of molecu-
lar orientation is required for crystallization to occur (as
manifest by X-ray diffraction). Moreover, at such rates
stress-induced crystallization apparently did not occur
until drawing terminated,whatever the draw ratio reached.

The evidence so far is not conclusive. The crystal (hk0)
diffraction peaks cannot be resolved reliably in these experi-
ments for degrees of crystallinity below ca. 10%. Never-
theless, it implies that crystallinity found in drawn
specimens originated after drawing, and therefore cannot
be used to explain mechanical effects during drawing.
Further, crystallinity cannot be responsible for mechanical
effects observed at strains below those required to induce
crystallization. By contrast the present data reveal (Figs. 13
and 14), and the model describes (Eq. (14)), effects of struc-
ture development beginning at lower strains. We are forced
to conclude that the arrest of slippage is caused by molecu-
lar association beginning prior to crystallization; without the
long-range order needed to give discrete X-ray diffraction,
but nevertheless providing topological constraint on mole-
cules and inhibiting slippage of entanglements. One might
speculate that groups of mutually aligned trans segments
associate byp -bonding between phenyl groups, but without
lying in crystallographic register. Only if the degree of
orientation exceeds a critical value (corresponding to a
maximum principal network stretch of ca. 2) is this
association rendered permanent by the nucleation of
crystals.

6. Conclusions

The purpose-built biaxial testing machine FBFT has
made possible a new study of drawing of PET films,

under conditions of strain-state, strain-rate and temperature
relevant to biaxial orientation processes used in manu-
facture of PET products. This provided the biaxial stress–
strain data needed to construct a multiaxial constitutive
model for the hot-drawing of PET. In particular, it allowed
the glass–rubber constitutive model proposed earlier [4] to
be developed further, to encompass the additional features
of entanglement slippage and crystallisation, and hence to
describe better than hitherto the strain-stiffening of PET
across the time-temperature range of practical interest.
The device of representing entanglement slippage as an
additional stretch superposed on the stretch of an elastic
network has proved especially useful. It was this that
allowed the effect of entanglement slip on strain-stiffening
to be quantified objectively, and in the present case of PET it
led to a remarkable observation. The slippage arrested spon-
taneously at a critical degree of molecular orientation, as
expressed through a critical degree of stretch of the entan-
glement network. In three dimensions this occurred at a
maximum principal network stretchln

max of approximately
2, decreasing with increase in temperature. Within the
constitutive model, it was possible to capture the effect
adequately by introducing a simple one-parameter
expression for the variation of viscosity withln

max.
It is clear from the many items of structural evidence,

including some from the present work obtained on speci-
mens from the mechanical tests, that this arrest of entangle-
ment slippage is connected with the appearance of
crystallinity in the drawn specimens. However the precise
mechanism is not yet known. The association of individual
chains to form crystals is expected to lead to increased
topological constraint, and hence increased viscosity [37].
However, the recent real-time X-ray evidence that diffrac-
tion appears only after drawing ceases, at high draw-rates,
suggests that structural entities causing the viscosity rise do
not have the long-range order of crystals, but nevertheless
can lead to eventual crystallization.

With respect to the numerical simulation of biaxial hot-
drawing in PET, the three-dimensional constitutive model
described here has been reasonably successful. With 14
parameters it describes the rate and temperature-
dependence of finite strain, biaxial drawing of initially
amorphous PET, from the glass transition region through
the rubbery plateau and into the terminal region. Its chief
known deficiency is its simplification of viscoelasticity as
two single relaxation-time processes, but it is straight-
forward to introduce relaxation spectra, in any application
where the improvement in accuracy merits the additional
computing cost. An illustration is provided by the recent
work of Dooling et al. [16], where a small strain version
of the model was used to describe in detail the nonlinear
viscoelastic creep of glassy PMMA in the region ofTg.

Having been tested against monotonic straining experi-
ments such as those described here, the model now needs
to be tested against a wider range of strain sequences,
including stress relaxation following biaxial drawing, and
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sequential biaxial drawing, of importance in several indus-
trial orientation processes. Some progress has been reported
already, for both stress relaxation [40] and sequential biaxial
drawing [41]. Early indications are that the onset of stress-
induced crystallinity causes certain specific additional
features in the constitutive response that need representation
in the constitutive model. Nevertheless, the general struc-
ture of the model remains applicable.
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